
Integrability

Definitions

A function f:[ad]-IR iscalled Riemann

integrable on [a,b1 if there exists a number

LER such that for any 330, there exists

some
320 such thatifP isa tagged partition

ofIa, b) with IIPIs), then 1 SHiP)-L1<2

Here Di =(( [xi,x;], ti)Es, IIPI1=m*i-xit).
SIfip): = E, fstil (xi-xi-1)

Example 1.

f(x) =310 x 1, ".2, 1s X-2.

Fix 330.

Pick any tagged partition P =([x:-1, x;1, tile,
with 11P11<S.



By Well Ordering Principle, there exists unique me/

with 1min such that Xms) and Xm>I

LetP, =([xi, xi +, tiles
xc =3 [xi, xi+11, ti).Emt

clearly, 11Pill, 11PICS and SHiPI=SciP.+SciPi).
Note thatSit; 4) =,fiti)(xi-xi-1l

-(Xi -Xi - 1) +f(ti)(xi -Xie

!O I -xi-xi- <Sf;P,) E(xi-Xi-1+2(xm - xm-)6 1+28

Similarly, SHiR)=Ef(til(xi-Xi-r
=2: -xi-1)

so 211-8) < SS;P2) < 2

Therefore, 3 -28 <S1f;P)< 3 +25.

TahigEpwith MPIKs, (s(fiDj -31-2e
Hence (fixdx =3.



Example 2.

f(x) =x,0- x = 1.

Fix E30.

Pick any tagged partition p =([xi- 1, xi1, tiles
with 11P118.

Note that SHip) = ti(xi-xix) and

#xi-8 <Xi ti - Xi < Xi-1 + X;

I +1.

Then

Xi-1 +X;( - s)(xi -x)<S(+ip)<-+5)(Xi-xi-1)
1/

21

↳xi -xii)-i-xi- IE,Xi2 - xi)+8, (Xi-Xie
11

11

↓ - S 2 +8.

Taking S = 3. For any p with 11P1) < 8,

(S1:P) - 11 < s =2

Hence, I texdx=t.



Example 3.

fixs=) *wise on to, 11.

Fix E20.

Pick anytagged partition i with 11P1) < 8.

By AP, there exists some NEW such that

<

Let p, be the subset ofp with tags in

31. . . .

, is and in the subset ofp

with tags outside (1,
..., i).

Note that 0: SS;p1 =3 Hipi) +SHiP2)

-2N8 +i 1

- 2N8 +

Taking : =. For any with 11D1)<8,

I SA;P)) < a.
Hence Sofixdx =0



Example 4.

fexs =7 1, xER10,11,
0, x = R1 [0,11.

We wantthere exists 2000 such that for

any 320, for any LEIR, there exists a

tagged partition pwith 1151)<S such that

/Sstips-L1 > E..

Letgo= 5. For any LEIR, there exists LEC0, is

such that K-2'1 > 5.

For 830, letP
=(xo,

...,
xn) with Xm=L'

and 11P11<8.

Pick t,
...,
tm ERand true,

...,tntR"

Ther SIfi) = Efitisxi-xi-y) +.Empitis (xi=xi -1)
-(Xi-X
=

Xm-Xo =L' - 0 =L

Thus 1 sstip) -2 =14-21 > 5 =d0
-


